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1 Introduction 



It is well known that approach of the classical i?-matrix formalism to the specific infinite- 
dimensional Lie algebras can be used for systematic construction of field and lattice in- 
tegrable dispersive systems (soliton systems) as well as dispersionless integrable field sys- 
tems (see [T]-jl7| and the references there). The Lie algebra of pseudo-differential operators 
(PDO) leads to the construction of (l+l)-dimensional integrable soliton systems |15l l51Hj. 
Considering the (l+l)-dimensional integrable hierarchies with infinitely many fields one 
can extract from them closed equations for a single field by the elimination of the remaining 
0> fields OITI^^. This method, the so-called Sato approach T3J, leads to construction of 

(2+l)-dimensional integrable one-field equations: Kadomtsev-Petviashvili (KP), modified 
Kadomtsev-Petviashvili (mKP) and (2+1) Harry-Dym (HD). An analogous method with 
matrix coefficients and dressing operators, the so-called matrix Sato theory |Hj, permits 
a construction of (2+l)-dimensional integrable evolution equations, with more number 
of fields, like (2+1) AKNS. There is another more effective and systematic method for 
■ construction of (2+l)-dimensional integrable systems, the so-called central extension pro- 

cedure JSIEIEI]- The central extension approach to integrable field, lattice-field and 
dispersionless systems was presented in [HI E] and 0. In this paper an appropriate restric- 
tions of Lax operators coming from centrally extended PDO algebra, are systematically 
considered. 

In j^l^J a wide class of gauge, reciprocal, Backhand and auto-Backlund transformations 
for (l+l)-dimensional soliton systems and (2+l)-dimensional systems like KP, mKP and 
HD, originating from the PDO Lie algebra, is presented. Therefore, the investigation 
of such transformations for (2+l)-dimensional systems, originating from the centrally 
extended PDO algebra, seems interesting. In this paper the relations between three classes 
of Lax hierarchies, coming from the centrally extended PDO algebra, are constructed. 
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2 i?-matrix and the central extension approach 

The crucial point of the formalism is the observation that integrable systems can be 
obtained from Lax equations. Let g be a Lie algebra, equipped with the Lie bracket [•, ■]. 
A linear map R : g — > 0, such that the bracket [a, &]# := [Ra,b] + [a,Rb] is a second Lie 
product on g, is called the classical i?-matrix. Let R satisfy an Yang-Baxter equation 
YB(a): [Ra,Rb] — R[a,b]n + a{a, b] = 0, which is a sufficient condition for R to be an 
i?-matrix. Assume now that the Lie algebra depends effectively on an independent 
parameter y € § , which naturally generates the corresponding current operator algebra 
= C°°(§ 1 ,q). Then, invariants A n G, numbered by re, of the Novikov-Lax equation, i.e. 

[A n ,L] + {A n ) y = Leg, (2.1) 

generate mutually commuting vector fields 

L tn = [RA n ,L] + (RA n ) y . (2.2) 

For a fixed re, the remaining systems are considered as its symmetries. In this sense (|2.2|) 
represents a hierarchy of integrable dynamical systems. 

To construct the simplest -R-structure let us assume that the Lie algebra q can be split 
into a direct sum of Lie subalgebras + and g_, i.e. = 0+0 0-, where [g±,0±] C 0±. 
Denoting the projections onto these subalgebras by P±, we define the i?-matrix as R = 
P + — 5. Then, straightforward calculation shows that R solves YB(4). Following the 
above scheme, we are able to construct in a systematic way integrable systems once we fix 
a Lie algebra. 



3 Centrally extended PDO Lie algebra 

Let us consider the associative algebra of pseudo-differential operators 

where the coefficients Ui(x,y) are dynamical fields being smooth functions and y G S 1 is 
an additional independent variable introduced by the central extension procedure. We use 
a dash to distinguish the pseudo-differential operators such d x and 9" 1 from derivatives 
d x and from formal integration symbols Multiplication of two operators in uses the 
generalized Leibniz rule: d l x u = J2 s >o {l) u sxd x ~ s , where Q) = (— l) s (~*"^ s_ ) for i < 0. 
Lie structure on is given by the commutator [A, B] = AB — BA. The algebra (j.S.lj) can be 
split into a direct sum of its Lie subalgebras 0> fc = {^2 i>k Uid' l x } and Q <k = {J2i<k u i^x} 
for k = 0, 1, 2. As a result, i?-matrix is given by R = P>& — o- Then, the hierarchy (|2.2|) 
takes the form 

Lt n = \(A n ) >k ,L-d y } k = 0,1,2. (3.2) 



We are interested in extracting closed systems for a finite number of fields. To obtain a 
consistent Lax equation, the Lax operator L has to span a proper subspace of the full 
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algebra g, i.e. the left and right-hand sides of expression (|3.2|) have to coincide. To 
construct any integrable equations for a given L we have to know how to solve (|2.1[) . i.e. 



A n , L d v 



0. 



(3.3) 



It can be done by putting A n = ^2 i<n a,id x for n > k. Then the function parameters a« 
are obtained from ()3.3|) successively via the recurrent procedure. Note that solutions are 
in the form of infinite series. In fact we need only the finite parts (A n )>k- We will look 
for the restrictions of Lax operators L given in the general form: 



L = un& x + un^i&x 1 + ... + u + d x 1 U-\ + ... + d x m u- 



(3.4) 



There is another important class of restrictions to the Lax operators, which contain 
additional dynamical fields, the so-called source terms ipi and <f>i [12] . given by 



l = i+J2*pA 1 < 



(3.5) 



where I has an appropriate form as (|3.4j) . For pseudo-differential operator A = Ylii a i^x 
let [A]o = ao, so [•] means the projection to the 0-order. The transposition operation of 
A is defined as A^ = Yli( a i@i) = ^) % d x ai. Hence, from the Lax equation (|3.2|) and 

the equivalent transposed Lax formulation 



L 



t 



(A n )l k ,tf+d y 



k = 0,1,2, 



(3.6) 



it follows that tpt and fa are eigenfunctions and adjoint-eigenfunctions of the Lax hierarchy 
(|3.2j) . i.e. they satisfy 



The case: k = 0. 



The simplest appropriate Lax operators are given in the form 

L = f% + u N . 2 d x " 2 + u N -zd* " 3 + ... + u x d x + u N^2. 



(3.7) 



There are no further simple reductions. 

In all examples, in this article, for a given L we will exhibit only the first non-trivial 
equation from the Lax hierarchy (|3.2j) . 

Example. N = 2: The KP. 

The Lax operator is L = d x + u. Solving ()3.3|) for n = 3 one finds (^3)^0 = d x + ^ud x + 
\u x + I d x l u y . Hence 



1 3 3 n _ x 

1H 3 = J U 3x + -XUU X + -d x U 2 y 



(3.8) 
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Example. N = 3: The (2+l)-Boussinesq. 

Let L = &x + ud x + v. Then, for (A 2 )^ = 9% + 3 



ii 



u ) = ( 2v x - u 2x 

v ) t a \l% ~~ 1™* + ^ ~ l M3a; 



(3.9) 

Considering the restriction of the Lax operators to the form (|3,5|) we find 



L = df + ^-23f~ 2 + ... + -uo + ^^Vi (3.10) 

i 

L = Y J i>A 1 <l>i N = 0. (3.11) 

i 

The Lax operator (|3.11|) is pure (2+l)-dimensional effect and does not have (1+1)- 
dimensional counterpart. 

Example. N = 1: The (2+1) AKNS. 

The Lax operator is L = d x + tpd^ 1 ^. Then, (A 2 )^q = d x + a and 

:) ti -(_t/-t) 2 <*>-=°- <3 - i2) 

Example. iV = 0: Two-field system. 

Let L = ipd' 1 ^ and (A^ = &l ~ 2<9- 1 (V"/>) :c - Then 



l2 v <hx + 2<t>d-\^<t>) 



(3.13) 



The case: fc = 1. 



The simplest restrictions of Lax operators are given in the following form 

L = di^ + u N ^ 1 di v - 1 + u N ^ 2 d x v ~ 2 + ... + u {i + d x 1 u^ 1 N ^ 1, (3.14) 

L = uq + d~ l u-i N = 0. (3.15) 

There are further admissible reductions given by {it_i = 0} and {u~\ = uq = 0}. The 
case ()3.15j) does not exist in (1+1) dimensions. 

Example. N = 2: The mKP. 

For L = + 2ti9a; and for (^3)^1 = <9^ + 3u(9 2 + |(u 2 + u x + d~ 1 u y )d x we find 

13 3 3 

«ta = - ^u 2 u x + -u^d" 1 ^ + -d~ l u 2y . (3.16) 

Example. iV = 3: The (2+1) modified Boussinesq. 

Let L = d x + 3u<9 2 + vd x . Then, for (A 2 )>i = <9 2 + 2«4 

AA ^ / l v *~ 2 uu x - u 2x \ , . 

\u y V2n y - 2^ + 2^ - 6nn 2 x + V22 - 2u 3:r y ' 
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Example. N = 1: The (2+1) Kaup-Broer. 

The Lax operator is L = d x + u + d~ v. For (^2)^1 = 9| + we find 

U ) =(*>*+ ax -a y -2u x = 0. (3.18) 

V t 2 \ axV + aV x-V2x) 

The reduction v = leads to the (2+1) Burgers equation: u t2 = U2 X + a^x for a given 
above. 

Example. iV = 0: Two-field system. 

For (|3.15j) : L = u + d x 1 v we construct (^2)^1 = d x — 2d~ 1 u x d x . Hence 



2fa; + U2x - 2u x d 1 u x , 

, , -, 22 -2K-v) a )• ! >JJ) 



Reducing it by the constraint v = one obtains a one-field system ut 2 = U2 X — ^ x d~ x u x ^ 
which, according to the transformation u' = — 9~ 1 tt x , becomes the (l+l)-dimensional 
Burgers equation u' t = u' 2x + 2u'u' x . 

The admissible Lax operators (|3.5j) . containing sources, have the form 

L = 8l* + UN-id*- 1 + ... + uo + d- 1 u„ 1 + J2' l Pid x 1 & N^l, (3.20) 

i 

L = UQ + d x l u- 1 + ^ip i d x - l <p i N = 0, (3.21) 

i 

where ()3.21(l is pure (2+l)-dimensional phenomenon. There is only one further reduction 
{n_i = 0}. 

Example. N = 1: Three field system. 

Let L = d x + u + ifjd x l 4>- Then, for (^2)351 = d x + ad x we find 

au x + 2(ip(f>) x + u 2x 

aip x + ^2x i a x -a y - 2u x 



^2.T 



Example. N = 0: Three field system. 

For L = -u + ipd^cj) and (^2)^1 = d x — 2d~ 1 u x d x we have 

'u 2x + 2(^0)3; - 2u x d y 1 u x 
ip2x ~ 2tp x d~ 1 u x 

- ^dy l U X ) X 

We will show now, what will be important later, that fields uq and U-\ from the Lax 
operators (j3.14l3.15j) and (j3.2QI3.21j) are expressible by the respective eigenfunction and 
adjoint-eigenfunction in the following way 

u = tp- for (j3.14l3.lfil) . (3.22) 

n = p - d x x u_ x - i>id x l <t>i for (13.2013.21 II. (3.23) 
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where <p is an eigenfunction of the Lax hierarchy l|M.2|) for k = 1 and are the source 

fields. The following relations, fulfilled for an arbitrary operator A and an arbitrary smooth 
function v, will be useful later: 



v[A] = [vA] 



- 



Adl\ 



[Ad-^-iA^d^v, 



d* 1 [A] -a 



-1 



At 



(3.24) 
(3.25) 

(3.26) 



It is enough to consider the case (|3.23j) as the case (|3.22|) is a simple consequence of 
()3.23j) . Let L = ... + no + d~ U-i + YLi^i^x^^ii then immediately from (|3.6|) it follows 
that (u-i)t n = — [(A)> 1 u_i]o- Hence, the field U-\ is an adjoint-eigenfunction. The time 
evolution for uq is obtained from (|3.2|) as 

(no) in = [Bu ] Q +[Bd-\- 1 ]-[d~ 1 u^B\+Y J [b^ 1 ^-^ [ipid^^B^, (3.27) 

i i 

where B = (A n )^i. We introduce now a new function tp defined as ip = uq + d~ u~i + 
Y2i '4 ) idx 1( l } i t° r which from (j3,27|) we obtain the following time evolution 



[B<p] - [B$TV] - E [B^d- l &] Q + [B^d- l u^ 

i 

B-^b] + E [s^a-Vi] - E h^-V^ 



St 



As the following relations are valid: 

a-^-isl = -d~ l [st«_ 1 



by 

by (EM . 
by (EI): 
by (HQS) and (l3~2lfl) . 



time evolution of 99 is <^t n = [(A n )^i^]o. Hence, the field </? is indeed an eigenfunction of 

(321) for fc = L 

The case: k = 2. 

Appropriate Lax operators are of the form 

L = u N d x v + u N - 1 dl?- 1 + ... + u 1 d x + u + dx 1 U- 1 + d~ 2 U- 2 N^l (3.28) 

and simplest admissible reductions are given by {u_2 = 0}, {u_2 = u_i = 0}, {u_2 = 
= u = 0}, {li_ 2 = U-l = u = ui = 0}. 
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Example. N = 2: The (2+1) HD. 

For the Lax operator L = u 2 b 2 and (A 3 )^ 2 = u 3 b 3 + ^u 2 (u x + b~ l ^)b 2 we find 



1 o 3 1/ n o— 1 

u t3 = -u u 3x + - - [u d x — 
4 4 u V u z 



Example. N = 3: Two-field system. 

Let L = u 3 ^ + vb 2 and (^2)^2 = w 2 ^- Then 



(3.29) 



2uu y — 2u^ — 2uu2 X v + u 2 V2 X — 6u 3 u x U2 X — 2u A u% x 



(3.30) 



Example. N = 1: Three-field system. 

For L = ub x + v + b~ l w and (^2)^2 = a<9 2 one finds 



2au a: + au2x- 
a x w + 2awa; + af2x 
-H21 



a v — ua x + 2au x = 0. 



(3.31) 



Considering the restrictions (|3.5|) one find that the appropriate Lax operators are given 

by 

L = u N b^ + u N - 1 d x v ~ 1 + ... + u + d x 1 u- 1 + d x 2 u-2 + ^2^id~ 1 (t>i N ^ 1. (3.32) 

i 

The reductions are {u-2 = 0}, {u_2 = u_i = 0}. 

4 Gauge transformation and reciprocal link 

The three classes of Lax hierarchies (|3.2(l for k = 0, 1,2 are interrelated as shown in the 
following two theorems. 

Theorem 1. Gauge transformation: k = — * k = 1. Let L € q satisfy the hierarchy 
L tn = [(A n )^Q,L — by] and let the function ip 7^ be an eigenfunction of this hierarchy: 
Tptn = [(^4n)^o ^]o- Then, L = ip^Lip — ip~ lj ijjy satisfies the hierarchy L tn = [(A n )^i,L — 
by], where A n = %p~ l A n ip. 

Proof. First we have to show that A n is solution of 1)3.3(1 for L: 

tp^Antp, ip^Lip - ip^ipy - b y 
V*- 1 U n ,L - ^"V,, - ^by^- 1 } $ = ip- 1 



A n , L — by 



A n , L bi. 



ip = 0. 



Next, one observes that for an arbitrary pseudo-differential operator A, the following 
relation is valid: (ip^ 1 Aifi)>i = ip" 1 (A)^ Q ip - ip~ l [{A)^Qip] . Then 



A 



j , L — b y 

>1 y 



T/T 1 (A n ) >0 ij, - IP' 1 [(A n ) >0 , - ^^y - by 



ip 1 (A n )^ ,L - by 



ip — ip 



-1 



if, 



-1 



, l - a. 



<p. 
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Now, since 

i tn = {^- i L^-^- i ^ y ) tn =^- i L tn ^-^- 1 

the proof of the theorem is completed. 



Consider the Lax operator of the form ([3.7)1 . Then the gauge transformed operator, by 
theorem ^ is given by 

L = d? + Nip- 1 TpJ?- 1 + ... + (...)d x + u + ?p- 1 lL^} -ip- 1 ?P y N^2. (4.1) 

We will compare (|4.1|) with Lax operator 1)3.14(1 with ui components, where = uq = 
0}, as then it is spanned by the same number of dynamical fields as 1)3.7)1 . Hence 



un-! = Nip 

N(N - 1) 



UN-2 = Un-1 H — -1p 1 4>2x 



= u +^- 1 [LiP] -7p- 1 i; y . 

Now, eliminating eigenfunction tp one obtains the Miura transformation between the fields 
Ui from the Lax operator 1)3 .7j) for fc = and the fields Ui from the Lax operator 1)3.14)1 
= £to = 0} for k = 1. 

Example. A well known Miura map between systems KP ()3.8|) and mKP ()3.16)) is given 
in the form 



L = dl + u — ► L = dl + 2ud x =>■ (u + u 2 + u 



xjx — 




Example. The Miura map for (2+1) Boussinesq 1)3.9)) and (2+1) modified Boussinesq 
(I3~T71) is 

L = dl + ud x + v — ► L = fljjjj + 3u^ + «4 

Let us consider the source Lax operators given by the form ()3.10j) . A natural choice of 
eigenfunctions is the choice of one from the source eigenfunctions ipi. Let ip = ip\, as then 
the Lax operator 1)3.10)1 naturally transforms to the ()3.20)) form. That is since the gauge 
transformed operator has the form 

L = d N + Ni{j- 1 i{j x d!?- 1 + ... + u + 7p- 1 [L^ -V>~Vy + 4~W^^4~V; N^l, 

(4.2) 

then 1)3.10)1 and ()3.20)) are spanned by the same number of dynamical fields. Analogously, 
if tjj = the Lax operators of the form 1)3.11)1 naturally lead to the Lax operators 1)3.21)1 . If 
operators ()3.10|) and ()3.11)) contain only one pair of eigenfunction and adjoint-eigenfunction 
then by theorem Q with ip = ip\ we construct a Miura map between the fields 
from the Lax operators (|3.10|) . ()3.11)) (i £ {1}) and the Lax operators ()3.14)) . ()3.15)) . 
respectively. 
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v = ipcf>. 



Example. The Miura map between (2+1) AKNS (PTH?]) and (2+1) KB (|3~T%|) is given by 

L = d x + i\)d~ X (\) — ► L = d x + u + d x l v 
Example. The transformation between fields for two-field systems (j3.13j) and (|3.19|) is 

l = v4~V 



L = u + d„ l v 



U = ~1p 1 lfjy 

V = 1p(f>. 



Theorem 2. The reciprocal link: k = 1 — > k = 2. Let L = L(x,y,t) satisfy Lt n = 
[(A n )^i,L — d y ] and the function tfi(x, y, t), such that ip x ^ and ip y ^ 0, be an eigenfunc- 
tion of this hierarchy satisfying ip tn = [(A)-^i<p]q. Consider the following transformation 
x' = ip(x,y,t), y' = y, t' n = t n . Then, L'(x' ,y' ,t') = L(x,y,t) — (p y d x i satisfies the 
hierarchy L' t , = [(A' n )^ 2 ,L' - d y ,], where A' n (x' ,y' ,t') = A n (x,y,t). 

Proof. Consider transformation: x' = ip(x,y,t), y' = y, t' n = t n , then 

d x = Vxd x > d y = (p y d x > + d y ,, d tn = yt n d x > + d t , n . 



In consequence L' — d y > = L — d y and [A' n , L' — d y ,\ = [A n , L — d y ] = 0. Let A = ]T\ a id l x i- 
Observing that for an arbitrary pseudo-differential operator (A')-^i the lowest coefficient 
can be obtained by a\ = [(^4')^ix']o one finds the following relation (A')^2 = C*4)^i — 
[(A)^i<p] d x ,. Hence 



(A' n ) L'-dy, 



(Ai)>i jL — 8y 



v] dx>,L-d y 



Now as 



d t > , i! 

+ 



dt n ~ <-Pt n d x ',L- (p y d x , 
W„d x >,L- d y 



Vtnfox) d x ,(f y ((f x ) d x - d tn ,(fy((p x ) d x - ft n (fx) d x ,d y 



where the last three terms cancel to zero, we obtain the result of the theorem. ■ 

Consider the Lax operators (|3.14|) with the reduction = uo = 0}. Then, the linked 
operator from theorem [2J where x' = cp, has the form 

L' = <p%d$+ [(N - 1)^-^2* + ^JV-i^" 1 ] Bjr 1 + ...+[■■■ + u Wx - tpy] d x , N^2. 

(4.3) 

We have to compare (|4.3|) with the Lax operators (j3.28f) where {u_2 = it_i = uq = u_i = 
0} as it is spanned by the same number of dynamical fields as (|3.14|) for = uq = 0}. 
So, it follows that the coefficient of (|4.3[) standing by the first order term has to be equal 
zero. Thus eliminating ip we construct the reciprocal transformation. 
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Example. A well known reciprocal link between systems mKP (p£E3) arid (2+1) HD 
(J3~2H is 



L = d 2 x + 2ud x — >L' = u' 2 d 2 x , => (W + u' x ) x = vL x' = d x 1 -' 



u . 



Example. The reciprocal link between (2+1) modified Boussinesq ()3.17[) and two field 
system (|3.30|) has the form 

L = dl + 3ud 2 x + vB x — >L' = u' 3 d x , + v'd 2 x , =► 

x' = 0rV. 



v' = 3uu' 2 + 3u'u 7 



(vu + 3uu x + u' 2x )x = ut 



We will now consider the cases of Lax operators (j3.14j) and (|3.15|) without reductions. 
Then, the linked operators for eigenfunction ip are: 

l' = + [(n - + ^.^r 1 ] a*- 1 + - 

+ [... + u 1 ip x -i Py ]d xl + u + d- 1 ^ N^2, (4.4) 



L' = (<p x -<p y )d x/ +u + d;, 1 ^ N = l, (4.5) 



L' = -<p y d x , + n + S-, 1 ^ N = 0. (4.6) 



Here the natural choice of eigenfunction tp is given by ()3.22|) : ip = uq + d~ l U-\. We will 
compare linked operators (|4,4H4.6j) with (|3.28|) . for fields u[, and reduction {u'_ 2 = 0}. 
Thus, u' = uq and u'_! = Now, as 

<Ar = <Px(u' ) x > + u-i -u-i = (p x (l - (u' ) x >) 

we find constraint u'_ 1 = (1 — (u' ) x >). Hence, we found new appropriate restriction for 
k = 2: 

L' = u' N d x ^ + u' N ^r 1 + ...+u , + d x , 1 (l-(u' ) xl ) N^l. (4.7) 

Therefore, by theorem [21 we construct reciprocal links for fields from Lax operators (|3.14l 
l3~T5)) to fields from (j4~TJ) . But operators (jXTl)) for N = 1 and (|3~T5j) are linked to the 
same Lax operator (j4.7|) with TV = 1. 

Example. The reciprocal link between (2+1) Kaup-Broer ()3.18j) and the system (j3.31|) 
with the reduction w = 1 — v x . Let V = u'd x > +v' + d~, (1 — v' x ,), then for (A 2 )^2 = ad 2 , 
one finds 

(I) „ " U J -ttr^ J V " «V + K = 0. (4.8) 
The reciprocal link is: 

L = 4 + « + d x l v — ► L' = u'd x , + v' + 9-/(1 - <,) => 



«X = U2X ~ U X y + V X ~Vy , 



v' = U 
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Example. The reciprocal link between the two-field system (j3.19Jl and the system (j4,8jl : 

l = u + d~ l v — ► l' = u'd x , + v' + d-,\i - v' x ,) =^ 



u x — u xy v y i a _i 

X = u + o x V . 

V = u 



The linked Lax operators (j3.2QI3.21j) have similar form as (j4.4H4.6j) with additional 
source terms, so L' = ... + ^ V^", 1 We choose eigenfunction <p as 93 = uq + d~ l u-\ + 
Si ^i^T & by (j3.23j) . We will equate L' to the Lax operators of the form (j3.32j) . for fields 
u[, with reduction {u'_ 2 = 0}. Thus, u' = no, u'_ x = ip^ = an d 4>'i = Now, as 

we find constraint = 1— (u r ) x t— i^Pi^x' 1 ^i) x ' ' Hence, we found again new restriction 
with sources for k = 2 given by 

L' = u ' N S% + ...+u' + d^ (l - (u' ) x > - W&<®j\ N > L ( 49 ) 

Therefore, by theorem [21 we construct reciprocal links for the fields from Lax operators 
(j3.2UI3.21j) to those fields from (jOj) . respectively. 



5 Summary 

In this paper, we have examined the restrictions of Lax operators allowing systematic 
construction of integrable (2+l)-dimensional systems from three classes of Lax hierarchies 
(j3.2j) in centrally extended PDO algebra. It is important to mention that systems (j3.2j) are 
Hamiltonian, i.e. we can construct, beside infinite hierarchy of commuting symmetries, 
also Poisson tensor and infinitely many conserved quantities (see [3 Ej)- Then, invari- 
ants solving the Novikov-Lax equation (|3.3j) are differentials of Casimir functionals of the 
natural Lie-Poisson bracket. 

Besides, we have established some relations between the three classes of Lax hierarchies 
(j3.2|) . Theorem ^ describes the gauge transformation from k = to k = 1 allowing a 
construction of Miura maps between respective evolution equations. Theorem |2] shows 
how to construct reciprocal links from k = 1 to k = 2 for respective systems. It may 
be worth further investigation to extend the presented theory to other gauge, reciprocal 
and as well as Backlund and auto-Backlund transformation for Lax hierarchies (j3.2j) . in a 
similar way as it is done for the (l+l)-dimensional case [9j lllj. 
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